It is well known that the moduli space of flat connections on a trivial principal bundle M × G, where G is a connected Lie group, is isomorphic to the representation variety Hom(π1(M ), G)/G.For a tiling T , viewed as a marked copy of R d , we define a new kind of bundle called pattern equivariant bundle over T and consider the set of all such bundles. This is a topological invariant of the tiling space induced by T , which we call PREP(T), and we show that it is isomorphic to the direct limit lim − →fn Hom(π1(Γn), G)/G, where Γn are the approximants to the tiling space. G can be any group. As an example, we choose G to be the symmetric group S3 and we calculate this direct limit for the Period Doubling tiling and its double cover, the Thue-Morse tiling, obtaining different results. This is the simplest topological invariant that can distinguish these two examples.
Introduction
In this paper we generalize an idea first mentioned by Sadun in [6] . It is well known that given a connected group G and a manifold M , the moduli space of flat connections on the trivial principal bundle M × G is isomorphic to the representation variety Hom(π 1 (M ), G)/G, where the quotient is by conjugation. When G is abelian, this reduces to H 1 (M, G), so we restrict attention to nonabelian G. Working on tiling spaces, we consider flat, pattern equivariant (PE) connections on the trivial principal bundle R d × G, modulo PE gauge transformations and call this the PE representation variety of the tiling T . Then, by considering these PE connections as pullbacks of zero curvature connections on the approximants Γ n , it is not hard to see that the PE representation variety of the tiling T is the direct limit lim − →fn Hom(π 1 (Γ n ), G)/G, where f n is the dual of the forgetful map between the approximants Γ n .
The original definition was for connected Lie groups, but calculation of this direct limit is easiest when the group G is finite and hence disconnected. In section 2, we take G = S 3 and calculate it for the Period Doubling tiling and its double cover, the Thue-Morse tiling. This calculation shows that, even though these two tiling spaces have the same cohomology, the PE representation variety distinguishes them. The computer algebra program Magma can be used to calculate Hom(H, G)/G for any finitely generated free group H and symmetric group G, which will be a lot of help in complicated examples. The relevant instructions on how to implement this on Magma is given after the examples. In order to make the generalization to finite groups, we change the definition of the PE representation variety by defining it not in terms of connections but in terms of bundles. We call it P REP (T ) and define it in 3.9. We use R 2 in the definitions but the generalization to R d is immediate. Using this definition, the main result of the paper is proved in section 6: Theorem 1.1. Let T be a tiling space and K t , t ∈ R be its Gähler approximants. Let t 1 ≤ t 2 ≤ ... be an increasing sequence and f : K ti → K tj be the forgetful map where t i is bigger than t j . Then,
Once the right definitions have been chosen, many of the proofs are immediate (and frequently omitted). The sections before 6 work toward the proof of this result. In section 7 we show the invariance of the PE representation variety under homeomorphisms of tiling spaces using a theorem of Rand [5] .
A finer invariant can be obtained without modding out by G in the direct limit. To achieve this, we consider only based bundles in the definition of P REP (T ) and call it the P REP b (T ). This is the definition in 3.10 and in section 5 we have Theorem 1.2. Let T be a tiling space and K t , t ∈ R be its Gähler approximants. Let t 1 ≤ t 2 ≤ ... be an increasing sequence and f : K ti → K tj be the forgetful map where t i is bigger than t j . Then,
Two Examples
For both of the examples below, the approximants of the tilings are the wedge of two circles. Hence their fundamental group is the free group on two generators, F 2 . In both examples, our group G will be the simplest non-abelian group, that is the dihedral group of order 6: S 3 = {1, a, a 2 , b, ab, a 2 b}. So we need to calculate Hom(F 2 , S 3 )/S 3 and the only difference in the two examples will be the forgetful map in the direct limit. A two page hand calculation shows that
where φ x,y denotes the conjugacy class of a homomorphism which takes one generator of F 2 to x and the other to y in S 3 .
Example 1: Thue-Morse
The substitution rule for the Thue-Morse tiling is given by σ(α) = αβ, σ(β) = βα. The dual of the forgetful map f is the substitution map itself thought of as a homomorphism from F 2 to S 3 . We have to trace each of the 11 elements of Hom(F 2 , S 3 )/S 3 and see which ones are identified. A typical calculation goes as follows:
A similar calculation with the other generator gives φ 1,b (βα) = b · 1 = b. Hence φ 1,b is mapped to φ b,b in the direct limit. Repeating this for all the other elements shows that
Example 2: Period Doubling
The substitution rule for the Period Doubling tiling is given by σ(α) = ββ, σ(β) = αβ. A similar calculation to the above shows that
Comparing the two direct limits, we see that it differentiates between the Period Doubling and its double cover, the Thue-Morse tiling space. This is the simplest topological invariant that tells them apart.
Magma Code For Calculating Representation Variety
For any finitely generated free group F and symmetric group S, we will give instructions for how to compute Hom(F, S)/S using the computer algebra program Magma. The example we give is for a free group generated by two elements and symmetric group of order six but the generalization is trivial. After each step below hit the Enter key (the semi-colon is typed into command line too). After these steps, the command line should return "11", which was the result we obtained in the examples above.
PE Bundles
The idea of modifying cohomology to obtain PE cohomology so that it is applicable to tilings was first given by Kellendonk and Putnam in [2] and [3] . We use the same idea in the category of bundles. One can intuitively picture a G-bundle as a geometric object (say an interval) glued to itself along another geometric object (say a circle) but with a twist dictated by the group G. The intuitive idea behind PE bundles over a tiling T is that this twist should also depend on the patterns in the tiling T . That is, if two points have the same pattern of tiles up to a certain range around them, them we should invoke the same group element which will dictate the twisting. For this we need the following definitions:
2 is said to be a PE open set with radius t > 0 if for every x ∈ U it contains all y ∈ R 2 such that
] is the patch of the tiling T containing the ball B t (x) with center x and radius t. 3.3 (PE fiber bundle). Let F , P be topological spaces and π : P → R 2 be an onto continuous map. P is called a PE fiber bundle over T with radius t and fiber F if there exists a PE open cover {U i } of R 2 with radius t such that for every x ∈ R 2 there exists a U j ∈ {U i } with the following properties:
2. The following diagram is commutative:
The pairs (U j , φ j ) are called charts as usual.
Definition 3.5 (PE G-bundle). Let P be a PE fiber bundle with radius t as in the above definition. Let F be its fiber space and assume there is a left G action on F . If for every pair of charts (U i , φ i ) and (U j , φ j ) the map
function with radius t and the · is the action of G on the fiber F , then we call P a PE G-bundle over T with radius t. The maps h ji are called the transition functions.
Definition 3.6 (PE principal bundle). If the PE G-bundle P with radius t has G itself as its fiber space with the left multiplication in the group as the group action and if the induced action on the fibers
is free and transitive then P is called a PE principal bundle over T with radius t and group G.
Isomorphism of two PE bundles over the tiling T is defined as in the usual bundle theory with the only difference being the requirement that the transition functions must be PE.
As in the usual bundle theory, we also have the fact that a refinement of a trivializing neighborhoods is also a trivializing neighborhood. Hence, given two PE G-bundles, we can assume that they have the same PE open cover by looking at the intersection of their covers. This gives us the following characterization whose proof can be obtained with minor modifications to the non-PE case (see Naber's book [4] ).
Lemma 3.1 (Bundle isomorphism lemma). Let P 1 and P 2 be two PE G-bundles with the same PE open cover {U i } of radius t and the same fiber F over R 2 . Let h ji andh ji be their transition functions respectively. Then, P 1 and P 2 are isomorphic if and only if there exists PE functions λ j : U j → G with radius t such thath
for all x ∈ U i ∩ U j .
Theorem 3.2 (Bundle construction theorem)
. Let {U i }, i ∈ J be a PE open cover of R 2 with radius t where J ⊆ N is an index set, let F be a topological space and let G be a topological group which acts on F . Assume for every
Consider the space R 2 × F × J and its subset T :
Define an equivalence relation ↔ on T as follows:
Let P be the set of equivalence classes of this equivalence relation. Then, P is a PE G-bundle with radius t and is unique up to isomorphism of PE bundles. Notice that if P is a PE bundle with radius t over T then it is also a PE bundle for any radius t ′ which is bigger than t. This leads to the following equivalence relation: Definition 3.8. Let P and R be PE bundles over the tiling T with radii p and r. If there exists an s bigger than both p and r, and if there exists an isomorphism between P and R as s bundles, then we consider them to be equivalent PE bundles.
We can now define the crucial object and state the main result that will be our focus.
Definition 3.9 (PE representation variety). Let S be the set of all flat PE principal G-bundles P over the tiling T of R 2 . The set of equivalence classes in S with respect to the above equivalence relation is called the PE representation variety of T and denoted P REP (T ). Now we will define based bundles which will give us a finer invariant then P REP (T ). Definition 3.10 (based G-bundle). Let (P, p 0 ) be a G-bundle with a fixed point p 0 chosen. Assume also that all the transitions functions arising from the chart U p0 around p 0 are constant; that is g pp0 = 1. Then, we call (P, p 0 ) a based G-bundle with the base point p 0 . Definition 3.11 (based pattern equivariant representation variety). Let S be the set of all flat based PE principal G-bundles P over the tiling T of R 2 . The set of equivalence classes in S with respect to the same equivalence relation as in the definition 3.9 is called the Based-PE representation variety of T and denoted P REP b (T ).
PE bundles and approximants
The definition we will use for the approximants is a continuous generalization of Gähler's construction with collared tiles first introduced in [1] . Consider the tautological R 2 bundle E → Ω over the tiling space Ω where the fiber over a T ∈ Ω is T itself as a marked copy of R 2 . We define an equivalence relation on the total space E as follows: Definition 4.1. Let t ∈ R and x, y in E be such that x ∈ T , y ∈ T ′ . Then,
Definition 4.2 (Approximants for Ω). The quotient of E with respect to the above equivalence relation is called the t approximant of Ω and is denoted by
By sending a T ∈ Ω to the equivalence class of 0 ∈ T we obtain a natural projection π t : Ω → K t . Thus, K t is the set of all possible instructions for layering tiles around the origin up to distance t, generalizing Gahler's construction to a continuous radius t. For t 2 ≥ t 1 we have the forgetful map f : K t2 → K t1 which forgets the pattern between the radii t 1 and t 2 and sends the pattern up to t 2 to the pattern up to t 1 . If we choose a sequence of increasing radii t 1 ≤ t 2 ≤ . . . going to infinity, then a point in the inverse limit space S = lim ← (K ti , f ) will be a consistent instruction for tiling all of R 2 . This gives a bijection between Ω and S, which can be shown to be a homeomorphism.
We will use the same letter π to denote the restriction of the natural projection π t : Ω → K t to the translational orbit of T . Hence the restriction is denoted by π t : R 2 → K t . We will see that the set of all PE G-bundles over a tiling T of R 2 is equal to the union of the sets of pullbacks of all the G-bundles on all of the approximants K t .
Lemma 4.1. Let K t be the radius t approximant to the tiling T and let π t : R 2 → K t be the restriction of the natural projection. Let {V i } be an open cover of K t . Then, π * t {V i } is a PE open cover of R 2 with radius t.
Since pullbacks of functions on K t are PE, this lemma shows that pullbacks of bundles on K t are PE bundles on R 2 with radius t. t (V ). By this lemma, given a PE bundle P with radius t on R 2 , we can find a corresponding open cover on K t . Since transition function of P are pullbacks of functions on K t , we can use this open cover and these functions to construct a bundle on K t by the standard bundle construction theorem of the non-PE bundle theory. Then, the pullback of this bundle to R 2 is P . So, we have proved the following theorem: Theorem 4.3. Let S be the set of all PE G-bundles of T and let {K t } be the set of all approximants so that the tiling space of T is the inverse limit of K t s. Then, S is the union of the sets of pullbacks of all the G-bundles on all of the K t s.
Representation Variety of approximants
In this section we will see that the set of all flat principal bundles with group G on a given K t is isomorphic to Hom(π 1 (K t ), G)/G. The latter is called the representation variety of K t and modding by the G means the conjugacy classes of the homomorphisms into G. Since the arguments we will give can be applied to any flat G-bundle, we will state and prove the claims for a general base space X, not just for the approximants K t . The results here are proven by Steenrod in [7] for the case of totally disconnected groups. We will prove them for any flat G-bundle. The way we prove them also reveals that it is easy to modify them to get the similar results for the based bundles.
The main theorem that we want to prove is the following:
Theorem 5.1. Let P be a flat G-bundle over X with fiber F . Then, it induces a homomorphism from π 1 (X) to G. Conversely, any such representation is induced by a flat G-bundle over X with fiber F .
The following lemma and its proof is standard material but fundamental for us. For completeness sake we present the proof in the appendix.
Lemma 5.2. Let P be a flat G-bundle over X with fiber F and let X ′ be the universal cover of X with the covering map f : X ′ → X. Then, the pullback bundle f * (P ) is trivial.
Given a curve in X ′ , if we just consider the multiplication of the transition functions, see figure 1 , then we obtain a map ψ from curves in X ′ to G. Now consider the fundamental group π 1 (X, x 0 ) of X based at x 0 ∈ X. If we consider lifts of elements of π 1 (X, x 0 ) to a p ∈ X ′ where f (p) = x 0 then ψ will give us a homomorphism from π 1 (X, x 0 ) to G. It is easy to see that if we change the base point of π 1 (X, x 0 ) to a x 1 then the homomorphism will change by an inner automorphism of G. Hence, we proved the first half of Theorem 5.1.
For the converse, let ρ : π 1 (X) → G be a homomorphism, let X ′ be the universal cover of X with the covering map f and let G act on F . Define an equivalence relation on X ′ ×F by (x ′ , a) ↔ (x ′ ·α, ρ(α) −1 ·a) for every α ∈ π 1 (X) where the action on the first slot is the usual monodromy action of the π 1 (X) on the fibers of the universal cover X ′ . Modding out by this equivalence relation gives us the associated bundle X ′ × ρ F with the group G and fiber F . Since the transition functions of this bundle is given by ρ(α) and since π 1 (X) is discrete, X ′ × ρ F is flat and this proves the other half of Theorem 5.1.
This theorem shows that we have an onto map γ from the set S of all flat G-bundles over X to Hom(π 1 (X), G):
We remarked above that changing the base point of the fundamental group changes this map by an inner automorphism of G. Keeping the base point fixed but changing the initial choice of the trivializing chart around this point changes the homomorphisms in the same way. To see this recall that given a curve C in X ′ , Ψ(the map in the proof of Lemma 2.3.2) does not depend on the middle open sets that cover C and hence ψ doesn't depend on them too. But if C is a lift of an α ∈ π 1 (X, x 0 ) then the end points of C will live in the lift of the same open set U 0 around x 0 . If we choose a different chart U 1 around x 0 , then by the co-cycle condition we getψ = g 10 · ψ · g −1 10 where g 10 is the transition function induced by U 0 and U 1 . Hence, ψ is determined up to conjugacy in G. Modding Hom(π 1 (X), G) by G takes care of both of these choice issues. So, let χ(P ) denote the conjugacy class in G determined by the bundle P . Then, we have shown that each flat G-bundle P over X determines a unique conjugacy class χ(P ) in G and we have an onto map Γ from the set of all flat G-bundles over X to Hom(π 1 (X), G)/G:
The forward direction of the following lemma will give us the constancy of Γ on associated bundles and the converse direction of the lemma will show us that Γ is one-to-one if we consider it on the right domain(the set of flat principle G-bundles not all flat G-bundles). In the proof of this lemma we will use the following construction:
The fact that the pullback bundle is a product bundle lets us define a translation of fibers over X. Let C : I → X be a curve connecting x tox in X and let C ′ be its lift to the universal cover X ′ of X. Let g ∈ G be associated to the path C ′ given by ψ as above and let Ω : f * (P ) → X ′ × F be the equivalence we obtained in Lemma 5.2.
Since f * (P ) is a pull back bundle, for any points x ′ , x such that f (x ′ ) = x, the fibers over them are the same. So we have the following diagram:
where the g on the top row is the map obtained by the right action of G on the fibers. Taking the composition of these maps we have the map
Lemma 5.3. Two flat G-bundles P and P ′ over X with fiber F are associated if and only if χ(P ) = χ(P ′ ).
Proof. Let P , P ′ be two flat principal G-bundles over X such that χ(P ) = χ(P ′ ).
Let x be any point in X and let C : I → X be a curve connecting x 0 to x. Choose charts around x 0 and x to get the translation of the fibers
and the homomorphisms ψ, ψ
C , where, as usual, φ s are the homeomorphisms of the fibers with the group G given by the trivializing charts around x 0 for P and P ′ . Since χ(P ) = χ(P ′ ), we can choose ψ and ψ ′ such that ψ = ψ ′ . We will use this fact to show that h x is independent of the path C we choose.
Let D be another curve connecting x 0 to x and let h x,D be the map obtained from D. Then,
Hence, h x is independent of the curve connecting x 0 to x. Define h :
It is not hard to show that h so defined satisfies the two conditions of being an equivalence of bundles.
For the other direction, given a flat G-bundle P over X and its associated bundle P ′ , we have to show that χ(P ) = χ(P ′ ). But this is trivial since we will be using the same universal cover of X and hence the transition functions are the same in both cases.
Hence, we finally have the Corollary 5.4. The set of all flat principal bundles with group G on K t is isomorphic to Hom(π 1 (K t ) , G)/G.
Recall that we were modding out Hom (π 1 (X), G) by G because of the double dependence of the map γ on the base point p 0 of π 1 (X) and on the triviliazing neighborhood U p0 around p 0 . If we fix this base point and require all the transition functions to be g pp0 = 1, then using the definitions 3.10 and 3.11, it is not hard to modify the proofs given in this section to get the following:
Theorem 5.5. The set of all flat principal based G-bundles over X are isomorphic to Hom(π 1 (X), G).
Corollary 5.6. The set of all flat principal based bundles with group G on K t is isomorphic to Hom(π 1 (K t ), G).
The Main Result
Using the results we developed so far, we can now obtain the main result we want. Let B t be the set of all flat PE principal bundles with radius t over T and let S t be the set of all flat bundles over the approximant K t for the tiling T . Choose a sequence of radii t 1 ≤ t 2 ≤ . . . going to infinity. Then, we have the following commutative diagram:
where i is the inclusion map, π * is the pullback map obtained from the projection map and the f * is the pullback map of bundles induced by the forgetful map f between the approximants K t . Now letB t be the set of t isomorphism classes of flat PE principal bundles with radius t and letS t be the isomorphism classes of flat principal bundles over K t . Inclusion maps i induce the mapsĩ :B s →B t for any s ≤ t, by taking a representative from an equivalence class inB s , mapping it by i to B t and then taking the equivalence class of that inB t . Similar considerations with the other maps in the above diagram will give us the following induced diagram:
Recall that we defined P REP (T ) by taking all flat principal PE bundles over T and by modding this out by the equivalence relation given by identifying two bundles with radii s and t if they are eventually t ′ isomorphic for some t ′ bigger than both s and t. Using theBs andĩs above, this equivalence relation immediately becomes the direct limit:
LetS * t be the pullback ofS t to T by the projection map π t . From section 2.2 we know thatB t =S * t . Now we can establish the main result we are after: Theorem 6.1. Let T be a tiling space and K t , t ∈ R be its Gähler approximants. Let t 1 ≤ t 2 ≤ ... be an increasing sequence and f : K ti → K tj be the forgetful map where t i is bigger than t j . Then,
Proof.
The corresponding result for the P REP b (T ) is as follows:
Theorem 6.2. Let T be a tiling space and K t , t ∈ R be its Gähler approximants. Let t 1 ≤ t 2 ≤ ... be an increasing sequence and f : K ti → K tj be the forgetful map where t i is bigger than t j . Then,
7 Invariance of the Pattern Equivariant Representation Variety
In this section we will prove the invariance of the PE representation variety of two tiling spaces under homeomorphisms of tiling spaces. The key step will be the approximation theorem below which is proven in Rand's PhD thesis [5] . First we need a definition:
Definition 7.1. Let f : Ω T → Ω T ′ be a map between two tiling spaces. f is called a local map if there exist an r > 0 such that for every Now let f : Ω T → Ω T ′ be a continuous map. For a PE bundle P over T ′ , we want to define its pullback but the problem is that f is defined on the tiling space not the tiling itself. The standard trick is to restrict f to the orbit R 2 T of T . Actually we want to restrict the approximation f ǫ to the orbit of T to get a map f ǫ : R 2 T → Ω T ′ . We will be using the same letter for a map and its restriction from now on. Since f ǫ is continuous and Ω T ′ is minimal, the image of f ǫ is in the orbit of T ′ . Hence, we have a map
This is the map we will use when we talk about the pullback of a bundle P over
We have to make sure that a local map like f ǫ pulls back PE bundles to PE bundles and have to show that the definition is independent of the choice of f ǫ . T ′ → R be a PE function with radius s. Since f is local, there exist an r > 0 such that for every T 1 , T 2 in the orbit of T we have T 1 | r = T 2 | r implies f (T 1 )| s = f (T 2 )| s . Now, for our tiling T , assume we have two patches with centers at x and y agreeing up to radius r. Define T 1 := T − x and T 2 := T − y. Then, f (T 1 )| s = f (T 2 )| s . Hence, patches at f (x) and f (y) agree up to radius s, so that α(f (x)) = α(f (y)). This means that (f 
T be such that the patches at the points x and y agree up to radius r in R 2 T where we choose r given by the locality of f . Then, by the similar arguments as above, we see that the patches around f (x) and f (y) agree up to radius s. Since U ′ is PE with radius s, this means that f (y) ∈ U ′ . Hence, y ∈ f * (U ′ ) and hence f * (U ′ ) is PE with radius r.
Now we have to show that the definition (22) is independent of the choice of f ǫ . If we instead defined it using an f δ , then since both are homotopic to f , they are homotopic to each other. The important point is we can approximate any homotopy between local maps by a local homotopy so that we stay in the category of the PE bundles when we pullback via this homotopy. The following lemma(see [5] ) shows that we can do this.
be a homotopy such that each F t are continuous maps on Ω T0 and F 0 and F 1 are local maps. Then
Using these results, we have the following. 
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9 Appendix: Proof of Lemma 5.2
We will construct a map Ψ : f * (P ) → F such that when restricted to each fiber it is a homeomorphism. This implies that f * (P ) is the trivial bundle X ′ × F . Let q ∈ f * (P ) be such that π ′ (q) = p and f (p) =p. Given a chart (Up, Φp) aroundp, we can pull it back to a chart (U p , Φ p ) around p and have the usual induced trivializing map φ p : π ′−1 (U p ) → F whose restriction to each fiber is a homeomorphism which we denote by the same symbol φ p : π ′−1 (p) → F . In the following, we will extend this map to all of f * (P ). Let q ′ ∈ f * (P ) be such that π ′ (q ′ ) = p ′ . If p ′ ∈ U p then we can use φ p : π −1 (U p ) → F to map the fiber above p ′ to F and we are done. If p ′ / ∈ U p then cover the path C : I → X ′ from p to p ′ with finitely many open chart sets Using the co-cycle condition and the simply connectedness of X ′ we can show that Ψ is independent of the path chosen to connect p and p ′ as follows: Let D : I → X ′ be another curve connecting these two points. Since these curves bound a compact region, we can fill it with finitely many open chart sets whose union contain the curves and the region they are bounding. Construct a local homotopy using three sets at a time and begin by perturbing the initial curve to a curve C ′ as in the figure. By the simply connectedness of X ′ , we can have such a local homotopy and by the co-cycle condition the maps obtained from C and C ′ are the same. Repeat this procedure until D is reached and patch these local homotopies to get a homotopy from C to D. Hence our map is independent of the path and we have a global map Ψ : f * (P ) → F which is a homeomorphism when restricted to each fiber. Thus, f * (E) is the trivial bundle X ′ × F .
